Abstract. We calculate the δ-pulse response and the frequency response of a damped linear oscillator. It is shown that both are connected by Fourier transform. We suggest that students should test this fact in their undergraduate teaching laboratory.
Introduction
The theory of linear systems (see, e.g., [1] [2] [3] [4] ) is a very powerful method for studying dynamical systems. That is why students should become acquainted with the basic ideas of this theory at an early stage in their education. In this paper we deal with the δ-pulse response and the frequency response of a well known mechanical system: the linear damped oscillator.
Theory of the damped oscillator
We discuss the damped spring-mass system shown in figure 1. Assuming that the spring force increases linearly with the displacement x and the friction force is proportional to the velocity of the oscillator, Newton's law reads
where τ denotes the time constant of damping and ω 0 the natural angular frequency of the undamped oscillator.
δ-pulse response
Consider that the oscillator is at rest (x(t < 0) = 0, v(t < 0) = 0) before an impact force
is the Dirac delta function) accelerates the mass up to v(t = 0) = v 0 . According to the initial conditions the solution of (1a) is given by x pulse (t) = 0 for t 0 (4a) and
The damped natural angular frequency ω d can be real (underdamped case:
On the borderline of the two cases just mentioned ω d vanishes ‡ (critically-damped case:
Equations (4) are said to be the δ-pulse response of the oscillator.
Frequency response
Now we assume that a harmonic external force acts on the system during its vibratory motion:
Using the complex ansatz x harmonic (t) = x A e iωt (6) for the steady-state motion of the oscillator we find
Here H (iω) is the so-called complex frequency response § of the oscillator.
(8) † In this case one should keep in mind that sin(iz)/i = sinh(z). That is why we can write (4b) as
§ It is important to stress that the complex frequency response is a time-independent function of the driving angular frequency ω, while the δ-pulse response is a function of time t.
is said to be the amplitude versus frequency response (i.e. the real amplitude of the steady-state vibration) and
is the phase response, which describes the steady-state phase shift between the external force F 0 e iωt and the displacement x(t) of the oscillator.
The relation between the δ-pulse and frequency responses
We calculate the Fourier transform (or spectrum) of the δ-pulse response x pulse (t) as
Comparing equations (7b) and (10) shows that the Fourier transform of the δ-pulse response corresponds to the complex frequency response The experimental investigation of the forced vibration belongs traditionally to the repertoire of most undergraduate teaching laboratories. Students observe the transient behaviour (the decay of the complementary solution) and investigate the steady-state motion (the particular solution) of the oscillator by experiment. For the steady-state case they verify that the frequency of vibration coincides with the frequency of the external harmonic force and they determine the amplitude-frequency response, as well as the phase response of the vibration by experiment.
Supplementary measurement
In our opinion it is of great pedagogical value if students check relation (11) during their firstyear undergraduate teaching laboratory. For that reason we suggest that students should also make a digital record of an oscillation produced by a very short impact force. If the oscillator hardly moves during the action of the impact force, the occuring oscillation x impact (t) is a good approximation to the δ-pulse response x pulse (t). Then, using a commercial numerical fast Fourier (FFT) transform program as a 'black box', students should determine the Fourier transform of x impact (t), as well as the normalized amplitude-frequency response and the phase response of the oscillator.
Experimental results
3.3.1. Standard measurements. In the Isny undergraduate teaching laboratory we use the widely available Pohl torsional pendulum † (see, e.g., [5] ). This is a torsional pendulum which provides the option of electrical control of the damping constant τ (via an eddy-current brake) and the angular frequency ω of an externally applied harmonic torque of constant modulus (see figure 2 ). The vibratory motions of the pendulum and the eccentric driven rod are converted 3.3.2. Supplementary measurement. In this supplementary measurement the pendulum is excited by a short knock (applied, e.g., by finger). Signal 1 (the oscillation of the pendulum) is transformed by an analogue-digital converter into a digital signal and recorded on a personal computer †. Figure 5 shows as an example a record of a typical underdamped oscillation x impact (t). The resultant amplitude-frequency response and phase response, calculated numerically by FFT ‡, are given in figures 3 and 4. The FFT calculations, which are in good agreement with the experimental data and the theoretical calculations, confirm equation (11). † To this end we use the software package Easyest™ (from Asyst Software Technologies, Inc., Rochester, NY 14623, USA). ‡ To this end at Isny we use the software package Easyest™, as well as the software package MATLAB™ (from The Mathworks, Inc., Natick, MA 01760, USA). The FFT in figure 3 was calculated with Easyest™ using the button 'FFT' with the options: Transform Type: Forward; Applied Window: Rectangular; Data Size (Power 2): Sero Stuff; DC Component: Remove; Results: Amplitude. The FFT in figure 4 was calculated with MATLAB™ using the command angle and fft.
